We develop a formula (Theorem 5.1) which allows to compute top Chern classes of vector bundles on the vanishing locus V (s) of a section of this bundle. This formula particularly applies in the case when V (s) is the union of locally complete intersections giving the individual contribution of each component and their mutual intersections. We conclude with applications to the enumeration of rational curves in complete intersections in projective space.
Introduction
We consider a vector bundle E of rank n on a scheme X of dimension n. If E is globally generated, then a general section s of E vanishes in X c n (E) points. This gives an easy way to compute the top Chern number of E. However, if E is not globally generated or if we have just one section of E with a higher dimensional vanishing locus V (s), then we can compute this Chern number on this vanishing locus. This was carried out in [2] , and has a particularly nice form if V (s) is a locally complete intersection (see Proposition 9.1.1 in [2] ). We concentrate on the case where V (s) = ∪ M i=1 Z i is a union of locally complete intersections, which intersect mutually in a nice way (see 4.1 for more details). Our main result is Theorem 5.1 where we give the contribution of each Z i 1 ∩ Z i 2 ∩ . . . ∩ Z i k to the top Chern number of E. In section 6 we outline how our result may be used to count rational curves on complete intersections. We reduce the problem to computations on moduli spaces of rational curves in P n and show that the corresponding vanishing cycle satisfies our assumption 4.1. Finally, we give two examples how our theorem might be used to compute some Chern numbers. In the first example we compute the number of lines on a smooth cubic surface in P 3 . Here a point, which is the intersection of two irreducible components, gives a contribution of −6, whereas most people would expect its contribution to be ±1. In the second example we compute the number of lines on a general quintic threefold in P 4 by linearizing the problem. To compute these numbers Kontsevich's idea of using a C * -action and Bott's fix point formula gives a more efficient way to compute these numbers along smooth subvarieties (see [5] ). However, when there is no C * -action our technique might be used as an instrument to reduce the dimension in these cases.
2 Notations and preliminaries 2.1 Segre classes. In the sequel it will turn out that for our problem it is convenient to work with Segre classes, even though Chern classes are favored by most mathematicians. The k-th Segre class of a vector bundle E of rank r on X is a homomorphism A •+k (X) → A • (X) of the group of rational cycle classes. It is defined by
where π : P(E) → X is the projective bundle associated to E, and O E (1) the relative ample quotient linebundle on P(E). This definition coincides with the standard definition given in [2] . The sign which does not appear in [2] has to be introduced because we use P(E) instead of P(E ∨ ).
Multinomial coefficients. If
d . These coefficients satisfy the basic equation
3 Reduction to the vanishing locus V (s) 3.1 Let X be a smooth scheme of dimension n, and E be a vector bundle on X of rank n. We want to compute the integral X c(E), or the n-th Chern number of E. However, we want to do all these computations on the vanishing scheme V (s) of a global section s ∈ H 0 (E). This allows the reduction to lower dimensional schemes. The ideal of V (s) is given by the image of the dual morphism to s : O X → E. We distinguish the following three cases: Case 1. s = 0 which implies V (s) = X. Thus, we can work on all of X and everything is easy. However, we are not able to reduce to a lower dimensional scheme. Therefore, we assume from now on that s is not the trivial section. Case 2. V (s) =: D is a Cartier divisor. We obtain an exact sequence 0
Case 3. The general case. We consider the blow up π :X → X of X in V (s). Let D be the exceptional divisor.
The section s gives rise to a sections of π * E with vanishing locus D. Thus, we can apply the previous result and find
Thus, in this case we obtain 3.4 Proposition. (cf. Proposition 9.1.1 in [2] ) If V (s) is a locally complete intersection, then we have
3.5 Example: The Euler characteristic. Let X be a smooth complex variety then we have χ(X) = X c(T X ). Let us assume that there exists a global section s of T X such that V (s) is a locally complete intersection. Using the result of Proposition 3.4 we obtain χ(X)
3.6 The Euler characteristic of Grassmannians. Let Grass(n, k) be the Grassmannian scheme of rank k quotients of C n . On Grass(n, k) we have the tautological short exact
, we obtain a sections ∈ H 0 (Q). The composition with α gives a global section s of Hom(K, Q) the tangent bundle of Grass(n, k). It is easy to see that the vanishing locus of this section is the disjoint union of Grass(n − 1, k) and Grass(n − 1, k − 1). Eventually, we obtain χ(Grass(n, k)) = χ(Grass(n − 1, k)) + χ(Grass(n − 1, k − 1)). The obvious fact, that Grass(n, n) ∼ = Grass(n, 0) ∼ = Spec(C) yields χ(Grass(n, k)) = n k . The decomposition could be used to define a C * -action on the Grassmannian with fixed locus exactly V (s). Thus, the above can be seen as a special case of equivariant cohomology (see [1] ).
Local properties of reducible subschemes
. .∪Z M be a decomposition of the vanishing locus into its irreducible components. We make the following 4.1 Assumption. The Z i are locally complete intersections of codimension d i . Furthermore, the intersection
4.2
We want to compare the blow ups of Z 1 and V (s) along Z. Let us fix the notations. We consider the local ring A = O X,x of a point x in X. We assume that the components Z 1 , Z 2 , . . . , Z N of V (s) pass through x. By Z we denote the component Z 1 , and by Y we denote the union of Z 2 , . . . , Z N . We have the exact sequence
4.3 Lemma. The above exact sequence remains exact when twisted with O Z . [6] ). Since the d 1 defining equations of Z vanish on Z and on Z ∩ Y we find
Proof: We use the Koszul complex
By our assumption Z ∩Y is a locally complete intersection in Y . Thus, Tor
Using these identities and the Mayer-Vietoris sequence
Z remains a subalgebra when restricted to Z. Thus, the restriction of the blow upX to Z is a blow up of the projective conormal bundle 
t t t t t t t t tX
4.5 Lemma.Let c be a class in A m (X). Using the above notations we have
Proof: Since β i is a blow up and all the classes which appear in the formula are pull back classes from P(
) we have (cf. Proposition 6.7 (b) in [2] ):
5 The main formula 5.1 Theorem. Let E be a vector bundle on a equidimensional scheme X. Let s be a global section of E whose vanishing locus V (s) satisfies assumption 4.1. The evaluation of the top Chern class c(E) at the fundamental cycle of X can be computed along the components Z i of V (s) and their intersections using the formula
where the contribution c(i
here N i denotes normal bundle of Z i restricted to 
c(π * E).
(−1)
For 2 ≥ i ≥ M we consider the exponent k i ofD i . If k i is positive, then we prefer to restrict to the intersection with D i which allows us to reduce the exponent k i by one. On
to the above sum. Using lemma 4.5 l-times we obtain
Since there are no negative Segre classes, we may change the summation to obtain:
Now the basic formula 2.2 for multinomial coefficients yields the theorem. 1 , i 2 , . . . , i k ). First we remark that the k-th Segre class of a rank r vector bundle E could be defined by
Geometric interpretation of the terms c(i
where π : P(E ⊕ O X ) → X is the projective bundle associated to E ⊕ O X . This definition yields s 0 (E) = 1. This fact allows the inversion of the total Segre class which gives the total Chern class of E. This definition may be generalized to a finite set E 1 , E 2 , . . . , E k of vector bundles: We consider the P r 1 × P r 2 × . . . × P r k -fibre bundle
over X, where r i = rk(E i ). On Y we consider the relative ample bundle O Y (1) which is the product of the pull backs of the O E i (1) to Y . Let r = r 1 + r 2 + . . . + r k be the relative dimension of the morphism π : Y → X. We define the l-th Segre class s l (E 1 , E 2 , . . . , E k ) of the bundles E 1 , E 2 , . . . , E k by
As usual, we define the total Segre class s(E 1 , E 2 , . . . , E k ) to be the sum 6 Counting rational curves on complete intersections 6.1 To compute the (virtual) number of curves of degree k on a divisor D of degree d in P n we consider the diagram
Here M 0 (P n , k) is the moduli space of stable mapping of rational curves to P n . We have a 1-1 correspondence between sections of O P n (d) and sections of q * p * O P n (d). If the rank of q * p * O P n (d) equals the dimension of the moduli space M 0 (P n , k), then its top Chern number is the virtual number of rational curves of degree k on a divisor of degree d in P n . We propose the following: Take D to be a divisor of d hyperplanes which are in general position. It follows that the corresponding section of q * p * O P n (d) vanishes on d components which are isomorphic to M 0 (P n−1 , k). Each of these components is smooth of codimension k + 1 (see [3] ). Furthermore, the intersection of l of these components is isomorphic to a M 0 (P n−l , k) which is of codimension l(k + 1). Thus, the conditions of assumption 4.1 are satisfied.
The bundle
is the restriction of the normal bundle of one of the components (cf. 1.2 in [4] ). Furthermore, all of these components have the codimension k + 1. Thus, the contribution c (1, 2, . . . , l) can be simplified. The following table shows some of these contributions. N) + 112s 2 (N)) + (168s 3 (N) + 252s 1 (N)s 3 (N) ) + . . . 
). Moreover, we can apply our technique to complete intersections in arbitrary schemes provide we can degenerate these complete intersections to unions of convex schemes whose intersections are convex too. Convexity is a condition which guarantees the smoothness of the moduli spaces under consideration (cf. [3] ).
Lines on a cubic surface
We consider the following situation:
where C is the universal line over the Grassmannian scheme Grass(4, 2) of lines in P 3 . The vector bundle E := q * p * O P 3 (3) is of rank 4 and the global sections of E are in 1-1 correspondence with global sections of O P 3 (3). Therefore Grass(4,2) c(E) gives the number of lines on a cubic provided this number is finite. It is not too hard to compute this number directly, but we will do that using residual intersection theory with reducible cycles. We choose a highly singular section of O P 3 (3) which consists of three planes which intersect in a point. The corresponding section s of E vanishes in the three Grassmannians Grass (3, 2) corresponding to the lines contained in each of the planes. Each two of these Grassmannians intersect in a point. To compute the contribution of each Grass(3, 2) we have to regard the diagram
Obviously Grass(3, 2) is isomorphic to P 2 . By h we denote the hyperplane class. The rank two bundle N := q * p * O P 2 is isomorphic to Θ P 2 (−1) and has the total Chern class c(N) = 1 + h + h 2 . The restriction of E to Grass(3, 2) is the symmetric product Sym 3 N. Thus, we have c(E| Grass(3,2) ) = 1 + 6h + 21h
2 . The normal bundle of Grass(3, 2) in Grass (4, 2) is N (cf. 1.2 in [4] ). Hence the contribution of each Grass(3, 2) is:
To compute the contribution of each of the intersection points we just have to know that they are the intersection of two subschemes of codimension two. By 5.1 the contribution of each point is − 4 2 = −6. There are three Grass(3, 2) and three intersection points which leads to the conclusion: There are 27 lines on a smooth cubic surface.
7 Lines on a quintic threefold 7.1 We consider the following universal family of lines in P 4 :
As in Example 6.4 we see that the number of lines on a general quintic is Grass(5,2) c(E), where E is the vector bundle q * p * O P 4 (5). As before we reduce to calculations on Grassmannians of lower dimension by taking the section of E corresponding to the O P 4 (5) section with vanishing divisor 5 hyperplanes in general position. Thus, we obtain three different contributions:
• 5 Grass(4, 2)-contributions of lines in one of these hyperplanes.
• 5 2 Grass(3, 2)-contributions of lines in intersections of two of these hyperplanes;
Grass(2, 2)-contributions of lines in intersections of three of these hyperplanes;
Before we start to compute these contributions we define the rank two vector bundle N to be q * p * O P 4 (1). Its fifth symmetric power is the vector bundle E.
7.2 The Grass(4, 2)-contribution. The restriction Q of N to Grass(4, 2) is the tautological quotient. Furthermore, it is the normal bundle to Grass(4, 2) in Grass(5, 2). The Chern classes of Q are called the special Schubert classes and denoted by σ i := c i (Q). We will need the intersection numbers 7.3 The Grass(3, 2)-contribution. The restriction of N to Grass(3, 2) is again the tautological quotient bundle Q. Using the identification Grass(3, 2) ∼ = P 2 we find c(N) = 1 + h + h 2 where h is the hyperplane class in P 2 . Thus, we have s 1 (N) = −h, and s 2 (N) = 0. N is the restriction of the normal bundle of the two Grass(4, 2) which cut out the Grass (3, 2) . The contribution c(1, 2) of Theorem 5.1 can now easily be computed using the formulas of 6.2. 
